On Some Fractional Integral Operators Involving Generalized Gauss Hypergeometric Functions by Virchenko, N. et al.
Applications and Applied Mathematics: An International 
Journal (AAM) 
Volume 5 Issue 2 Article 6 
12-2010 
On Some Fractional Integral Operators Involving Generalized 
Gauss Hypergeometric Functions 
N. Virchenko 
National Technical University of Ukraine “KPI 
O. Lisetska 
National Technical University of Ukraine “KPI 
S. L. Kalla 
Vyas Institute of Higher Education 
Follow this and additional works at: https://digitalcommons.pvamu.edu/aam 
 Part of the Analysis Commons, and the Special Functions Commons 
Recommended Citation 
Virchenko, N.; Lisetska, O.; and Kalla, S. L. (2010). On Some Fractional Integral Operators Involving 
Generalized Gauss Hypergeometric Functions, Applications and Applied Mathematics: An International 
Journal (AAM), Vol. 5, Iss. 2, Article 6. 
Available at: https://digitalcommons.pvamu.edu/aam/vol5/iss2/6 
This Article is brought to you for free and open access by Digital Commons @PVAMU. It has been accepted for 
inclusion in Applications and Applied Mathematics: An International Journal (AAM) by an authorized editor of 
Digital Commons @PVAMU. For more information, please contact hvkoshy@pvamu.edu. 




Appl. Appl. Math. 
ISSN: 1932-9466 
 
Vol. 05, Issue 2 (December 2010),  pp. 321 – 330  
(Previously, Vol. 05, Issue 10, pp. 1418 – 1427) 
Applications and Applied 
Mathematics:  






On Some Fractional Integral Operators Involving  
Generalized Gauss Hypergeometric Functions 
 
N. Virchenko and O. Lisetska 
Department of Mathematics and Physics  




S. L. Kalla* 
Institute of Mathematics  










The object of this paper is to give a generalization of Gauss hypergeometric   function, and to 
investigate its basic properties. Further, we define some fractional integral operators and their 
inverses in terms of the Mellin transform. Several well known integral operators, including Saigo 
operators can be derived from the results established here. 
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1.  Generalized Gauss Hypergeometric Function 
 
The important role played by special functions, particularly the hypergeometric function in 
solving numerous problems of Mathematical Physics, Engineering and Applied Mathematics is 
well known [see, for instance, Kilbas et al. (2004), Kiryakova (1994), Mathai et al. (1973), 
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Samko et al. (1993) and Virchenko et al. (2001)]. This fact has inspired the investigation of 
several generalizations of hypergeometric functions. With this objective in mind, we introduce a 
generalization of the Gauss’s hypergeometric function in the following form: 
 











F a b c z F t t zt dt
b c b t t
     
 
          
  ,             (1) 
 
where Re Re 0c b  , 0r  ; 0r  , 1z  ; Re Re 0   ,  ,  0  , 1   , 
    is the beta function [Abramowitz et al. (1972)].  
  
The function  ,1 1 ; ;a c z   denotes the generalized confluent hypergeometric (introduced by 
Virchenko (2006)) as follows: 
 














             ,                                       (2) 
 
where  1 1 z  is the particular case of the so-called generalized Wright hypergeometric function 
 p q z  (introduced by Wright (1935)) defined for complex ia , b j  and real iA , Bj ( 1,i p , 
1,j q ) by the series 
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.                                                  (3) 
 
In a series of papers, Wright (1935, 1940) also investigates its asymptotic behavior for the large 









    .                                                                       (4) 
 
Certain basic properties of  p q z  were also studied in Kilbas et al. (2002). In particular, it was 
proved that  p q z  is an entire function of z, under condition (4). 
 
 
Further, for  , generalized Gauss hypergeometric function given by (1) has the following 
next form 
2
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F a b c z F t t zt dt
b c b t t
    
 
          
   .               (5) 
 
In the next sections, we prove certain basic properties (Theorems 1-6, below) for the generalized 
Gauss’s hypergeometric function  r F z  and we also define some fractional integral operators 
and their inverses. Corresponding results for the Gauss hypergeometric function and integral 
operators of Kalla & Saxena (1969) can be easily derived from general results established here. 
 
 
2.  Basic Properties of  r F z  
As indicated above, this section consists of six theorems which provide some properties of this 
function. The first theorem deals with a series representation, while the second gives us some 
differential properties. 
 
Theorem 1. The series representation of  r F z .  Under the valid conditions of existence of the 
function  r F z (see (1)), the following formula holds true, 
       ,0
1






F a b c z a b n c b r





   
  
 ,                                      (6) 
 
where  na  is the Pochhammer symbol and  ,

     is the  ,  –generalized beta-function 
defined by [see Virchenko (2006)]: 
 






, ; , , 1 ; ;
1
yx rx y r t t dt
t t
  
   
   
 
     
  
 ,                                           (7) 
 
here Re 0x  , Re 0y  , 0  , 0  ; 0  , 0   and ,1 1
   is given by  (2). 
 
Theorem 2. The differential relations for  r F z . With due regard to convergence, the function 
 , ; ;r F a b c z  satisfies the following differential formulas: 
 
     







a bd F a b c z
F a n b n c n z
dz c
   

 ,                     (8) 
 





z F a b c z a z F a n b c z
dz
     , (9) 
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      , ; ; 1, ; ; , ; ;r r rdz F a b c z a F a b c z F a b c zdz   
   . (10) 
 
Some recurrence formulae, addition and multiplication properties are given in the following 
theorems: 
 
Theorem 3. The functional relations for  r F z . Under the conditions of existence of the 
function  r F z  the next functional relations are valid: 
 
         , 1; ; 1 , ; ; 1 , ; 1;r r rb F a b c z c b F a b c z c F a b c z         ,    (11) 
 
       , ; ; , ; 1; , 1; 1;r r rc F a b c z c b F a b c z b F a b c z        . (12) 
 
 
Theorem 4. The addition and multiplication theorem. If the conditions of existence of the 
function  r F z  are valid, then the following functional relations hold 
 
        0











      , (13) 
 
      
   
0
1






a b x y





     . (14) 
 
The following two theorems deals with integral representations and transformation formulae for 
 r F z . 
 
Theorem 5. Integral representations of  r F z . For the valid conditions of existence of the 
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2 1, 1 1
1
1
b a cc b
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t t r t
F a b c z dt
tb c b z z
t
z
   
     
   
         
 ,            (15) 
 
   
   
 





, ; ; ; ;




F a b c z d
b c b z

     

  
       
 ,              (16) 
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, ; ; ; ;
, 21 1
2 2
a c c a bb a
r a
sh ch r ch
F a b c z d
b c b sh
z ch
     


     

   
   
        
 
 , (17)                  
                                                                                                                              
   
   
  




, ; ; ; ;
, 21 1
b a c bc b
r a
sh ch r ch
F a b c z d
b c b shz ch z
     

      
   
       
 .     (18) 
 
shθ  and  chθ  stand for usual hyperbolic sine and cosine, respectively. 
 
Theorem 6. Transformations for  r F z . Under the conditions of existence of the functions 
 , ; ;r F a b c z  the following generalized relations of Kummer’ types are valid: 
 
   1, ; 1 ;1 , 1; 1;1ar rF a b a b c z z F a a c a b c z             ,      (19) 
 





F a c b c c z z F a c b c
z
               
  ,    (20) 
 
   1, ; 1 ;1 ,1 ; 1 ;1a cr rF c a c b c a b z z F c a a c a b z               ,             (21)  
 





F a b c z z F a c b c
z
      





We observe that the Theorems 1-3 can be easily derived, using definitions (1) & (7), and simple 
transformations. To prove the results (13) and (14), we use formula (8) of Theorem 2, and then 
Taylor theorem about analytical functions [Kilbas et al. (2004)]. 
 
 
Proof of the Theorem 5:  
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Proof of the Theorem 6:  
 
Simple transformations lead to results (19) to (22). For example, let us prove (19) and (22).  We 
make the following transformations: 
 











F a b a b c z t t z t dt
b a c t t
   
                 

                        






1 1 1 1 ; ;
, 1 1
ab a c ry y z y dy
b a c y y
   
               
  
                         1, 1; 1 ;1a rz F a a c a b c z        . 
 
Similarly, we have 
 











F a b c z t t zt dt
b c b t t
     
 
         
  
                     






1 1 1 ; ;
, 1
ab c b ry y z y dy
b c b y y
   
              
  





z F a c b c
z
      
 . 
 
This proves the result (22). 
 
 
3.  The Integral Operators with  r F z . 
 
Riemann-Liouville operators of fractional integration and differentiation are basic in the theory 
of fractional calculus. Several authors, like Love, Saxena, Kalla & Saxena (1969), Saigo, 
McBride etc. [see, Kiryakova (1994)] have defined different forms of hypergeometric operators 
of fractional integration. Kalla (1969) has defined integral operators involving Fox H-function. 
In this part of the paper, we define some fractional integral operators involving the function 
 r F z  given by equation (5) and their inverses in terms of the Mellin transform. The 
corresponding results for hypergeometric operators mentioned above can be derived from 
general formulas established here. 
 
 
Let us introduce the following four integral operators: 
 





a ca b c
r x r
x d x t
I f x x t F a b c a c f t dt
a c x d

           
  ,     (23) 
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where 0a  , 0c  ; b  and d  are real, the function  f x  is continuous on  ,  ; 
 




r c d r
B f x x xt F a b c xt f t dt

     , ( 0 1a  , 0c  );  (24) 
 






aa b c d d
r x r
x t
I f x t x t F a b d a c a f t dt
a x
  
            
  ,    
                                                                                    ( 0a  , 1d   ; b , c  are real);         (25) 
 






, 1; 2 1;
1 2 2r s r
x x




    

               
  .  (26) 
 
 
It is interesting to observe that for 0r  , the operator given by (25) yields to the Saigo’s 
fractional integral operator [see Kiryakova (1994)]. 
 
The Mellin and Laplace transforms are used to obtain the inverse operators. The operators 
defined by (23) to (26), give the following respective inverse operators 
 
   1, , 1 , , , ,1 ,a b c a b a c c a b cr x x r xI f K I M I f c
        , (27) 
 
where .M   denotes the Mellin integral transform and 
 
           
         1
c c a b c b a c
K
b c a b c a c
  
  
          

         
. (28) 
 
The inverse operator for (24) is as follows: 
 
     1, 1 1 1, , 2 1 lima b b d ar c d nnB f x K D x L h x
    





        1 1h x x r x r   , 
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      
2 2










r x C x U t t I M B f d t x
dt  

     
    
       




1pUf x x f
x




       
1 2 1












, ( 2,3,4,n  ), 
 
           
       2 , 2
d d c b d b d a
K
b c b d c d
  
  
         

      
. 
 
Now we consider the inverse operator for (25), 
 











aa b c d d
x
x t
I f x t x t F a b d c a f t dt
a x
  
           , (31) 
 
         
         3
a a c c a
K
a a c c a
  
  
        

       
. 
 
Finally, the inverse operator for (26) is derived as follows: 
       1 1 1 1 1, , 4 1 1 1 1 1 , ,
1 , 1 1
2 4 2 4 2
,r s r sf K T V W VT M f r s x        
    
      
 
   
 
  , (32) 
where   
 
    1 1 1 1 ,T f x x L t f t t x      , (33) 
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1L  is the inverse Laplace’ transform, 1, ,W f W f    

   and 
 




2 2 22Vf x x f x
   
  
 
,    
1 1
1 22 22V f x x f x  , 
       








   
        
       

            
. 
 
 The above inversion formulae can be derived easily. The representation of integral 
operator , ,r s   in the following form can be used to prove the result (32). 
 
   1, , 5
1 1, 1 1
2 2 2
,r s f x K M T I T f r      

     
 
   
 
 , (34) 
where   
     1
0




   , 
       








    
  , (35) 
and 1M   is the inverse Mellin transform. 
 
Several special cases can be derived from these general results. Inversion formula for Saigo’s 
operator can be derived from (31). 
 
 
4.  Discussions 
 
We have given a generalization of Gauss’ hypergeometric function and derived some of its 
properties. This function is used to define new operators of fractional integration. Their inverse 
operators are obtained by an appeal to the Laplace and Mellin transforms. Further, the 
generalized Gauss’s hypergeometric function and its properties established in this paper are of 
general forms and may be used to define new density functions in probability theory. These 
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